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Abstract. A multi cone domain O C R" is an open, connected set 
that resembles a finite collection of cones far away from the origin. 

We study the rate of decay in time of the heat kernel p{t, x, y) of a 
Brownian motion killed upon exiting P, using both probabilistic and 
analytical techniques. We find that the decay is polynomial and we 
characterize limt^oo P'^°‘p{t, x, y) in terms of the Martin bonndary 
of P at infinity, where a > 0 depends on the geometry of P. We next 
derive an analogons resnlt for > t), with k = 1 + a — n/2, 

where T is the exit time form P. Lastly, we dednce the renormalized 
Yaglom limit for the process conditioned on survival. 


1. Introduction. Let O be a domain (open and connected set) in M”, 
regular for the Dirichlet problem. Consider an n—dimensional Brownian 
motion Bt starting from the interior of O, with exit time . The heat 
kernel p^{t,x,y) is the Radon-Nikodym derivative of the Borel measure 
A I—>■ ¥x{Bt G A,T^ > t) with respect to the n—dimensional Lebesgue 
measure, and it is characterised to be the fundamental solution of the heat 
equation with Dirichlet boundary condition, that is: as a function of {t, y) 
it solves the heat equation dtu = ^An, it vanishes continuously on dO, and 
it satisfies the initial condition u{0,y) = Sx{y)- 

It is well known that p^{t, x, y) tends to zero as time grows to infinity. A 
classical problem is to find the exact asymptotic (in time) for the decay of the 
heat kernel and the survival probability. This is well understood for bounded 
domains (see [10] and [11])- For results in some planar domains we refer the 
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reader to [2] . The large time asymptotic problem is treated in [9] for a large 
class of (non symmetric) diffusions under some integrability conditions on 
the ground state. Exact asymptotic are computed for Benedicks domains in 
[4], and for exterior domains in [5]. Our work focuses on finding the exact 
asymptotic in time for p^{t, x, y) and > t) for a multicone domain 0, 

which we define next. 

Let = {x G M”" : \x\ = 1} be the unit sphere in M"". Points in M” will 
be regarded as x = rO, where r = |x| and 9 G Given a Lipschitz, 

proper subdomain T) of and a vector a G M"’, a truncated cone with 

opening T) and vertex a is the set 

C{a,^, R) = {a + X : X = r9 £ M” : r > R, 9 £ 2D} , 

where R > 0. When R > 0, the set © = a + RD will be called the base of 
the truncated cone. When i? = 0, we will refer to the set in the previous 
display as cone with vertex a. 

In the same context as above, given a base S = a + i?2D, let 0 < < 

< • • • be the eigenvalues of the Laplace-Beltrami operator on D, 
with corresponding orthonormal basis ...} of L‘^{D,a), where 

a is the surface measure on Let a® = (A® + (^ — 1)^) ' . We define 

the character of the base S as the number a = a{T)) = a^. The character 
of the truncated cone C{a,'D,R) is also defined as a. 

A multicone domain fl C M®® is a connected, open set such that there 
exists a bounded domain Qq C and finitely many truncated cones Qj = 
C{aj,Dj, Rj), with j = 1,... A'", such that n = 0 for 1 < j < z < N, 
and 

N 

= U Qj. 
i=i 

Here Hq is the closure of the set Hq- The set Hq will be called the core, and 
for j > 1, the sets are called branches of the multi-cone set. Notice that 
by construction, the branches are disjoint from the core. Also, we will denote 
the base of the truncated cone Vlj by 6j. Without loss of generality, we can 
assume that Rj = 1, which makes the exposition that follows much easier. 
The character of the truncated cone will be denoted by aj. We define the 
character of the multicone H as the number a = minjoj : j = 1,... ,iV}. 
An index I such that ai = a will be called maximal. We denote by M the 
set of maximal indices. 

To state the main results of this article, we need to introduce the Martin 
boundary at infinity for Q. 
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It is well known that there is a unique minimal harmonic function w 
on a cone with vertex Sq = (7(0, £>,0) that vanishes continuously on dQg- 
Actually, there is only one positive harmonic function in So that vanishes 
continuously on its boundary (Theorem 1.1 in [1]). For x = a + \x — a| 0 G Cq 
this function is given by: 

(1.1) u(x) = |x — m^(6<), 

where a is the character of T) and is the first eigenfunction of the Laplace- 
Beltrami operator on D. Notice how we have chosen to normalize w in terms 
of the normalization of in In order to simplify our exposition, 

we set K = 1 + a — n/2, so that v{x) = \x — q:|^ m}{9). 

Similarly, if C = (7(a, S, i?) is a truncated cone, there is a unique (min¬ 
imal) positive harmonic function w in Q that vanishes continuously on dQ, 
which is dehned as follows: let be the exit time of a Brownian motion Bt 
from the cone C. Then 

(1.2) w{x) = v{x) x € C. 

Let Wj be the unique minimal harmonic function in Qj. By a standard 
balayage argument [7], one can extend wj to a minimal harmonic function 
in Q. Such extension is given by 

(1.3) Uj{x) = Wj{x)lnAx)+ }- [ G{x,y)dnWj{y)aj{dy), x G 12, 

2 JSj 

where dn denotes the (inward) normal derivative on &j , and aj is the trans¬ 
lation of cr by aj, and G is the Green function of the domain 12: 

1*00 

G{x,y) = / p{t,x,y)dt. 

Jo 

Reciprocally, we have that 

(1.4) Wj{x) = Uj{x) — ^xU{BTi)-: X ^ 

where B is an n—dimensional Brownian motion, stopped at its exit time 
from 12 j. 

It is direct to verify from the last two equations that the function uj is 
bounded in 12 \ 12^, and satishes that for x = aj + rO, 

r^oo wj{aj + re) 


(1.5) 
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for fixed 6 

We are ready to state the main results of this paper. 

Theorem 1.1. Let LI be a multicone domain with branches Lli,... . 

Let a > 0 be the character of Ll, and let M be the set of maximal indices. 
Then, 

^ ' /eM 

The limit is in the topology of uniform convergence on compact sets. 


Theorem 1.2. Let LI be a multicone domain with branches Lli,... ,Llj\f. 
Let a > 0 be the character of Ll, and let M be the set of maximal indices. 
Set K = 1 + a — n/2. Then 


(1.7) lim > t) 

t^OO 


p(^) 


2^/2r(K + §) 


E 

zeM 



mj {6)a{d6) 


ui{x). 


The limit is in the topology of uniform convergence on compact sets. 


Theorem 1.3. Let Ll be a multicone domain with character a > 0, and 
set (d = 1 + a + n/2. Fix x ^ Ll, and 1 < j < A^. For each y = \y\ 6, with 
9 £ Dj, we have that aj + '/iy G Llj, for large enough values oft, and 

^lim + Viy) = 1m (j) 2ar{i+^a) 

The limit is in the sense of uniform convergence on compact sets on the 
variables x and y. 


The paper is organized as follows. Section 2 lists some key results that we 
take from the literature on heat kernels for killed diffusions, in particular, 
subsection 2.1 includes our main theorems for the case of a cone with vertex. 
Section 3 deals with the asymptotics for truncated cones, and Section 4 
includes some lemmas leading up to the proofs of the main theorems, which 
are contained at the end of Section 4 for the decay of the heat kernel, and in 
Section 5 for the decay of the survival probability. Finally, Section 6 includes 
the proof of Theorem 1.3 and discusses a renormalized Yaglom limit for the 
killed Brownian motion. 
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2. Preliminary results. In what follows we make the following sim¬ 
plifications, in order to keep the exposition clear. We set T = T^, 
and denote by p and the respective heat kernels. In some of the formulas 
below, integrals over &j are understood to be with respect to the translated 
measure , but we will omit the index since the dependence on j is clear 
from the domain of integration. Also, we will abuse the notation by omit¬ 
ting the vector aj form all the formulas involving functions in cones, since 
its inclusion affects all such functions by a simple translation of coordinates. 
In particular, we will write p^{t,x,y) for x = \x\9,y = \y\r] for 9,7] ^ T)j 
instead of p^{t,x + aj,y + aj) in order to simplify our exposition. In this 
spirit, we will often say that a: —)• oo radially in Qj to mean that x = aj +r9, 
and r —)• oo. 

We start by listing some general properties of heat kernels in unbounded 
domains. 


Lemma 2.1 (Lemma 2.1 in [5]). Let O be a regular domain for the Dirich- 
let problem. Let u{t, x) be a positive solution of the heat equation in M+ x O, 
and consider a function a : M+ —M+ such that 


( 2 . 1 ) 


aft -|- s) 

sup -77^ 

t>tQ,\s\<2 0.[t) 


< OO, 


for some to > 0. Further, assume that the family of functions {a(t)u{t, ■) : t > to} 
is bounded on compact sets. Then, the family {a{t)u{t, •) : t > tg + 1} “Is 
equicontinuous on compact sets of O. 


The next lemma corresponds to Lemmas 2.1-2.4 in [4], which are proved 
for Benedicks domains in M”’. Nonetheless, the proofs work in a much more 
general setting, as long as the domain O is a regular domain for the Dirichlet 
problem, with infinite interior radius. 


Lemma 2.2 (Lemmas 2.1-2.4 in [4]). In the same setting of Lemma 2.1, 
for x,y & O and s G M we have 


( 2 . 2 ) 


lim 

t^OO 


p{t + s,x,y) 
p{t,x,y) 


= 1 . 


The limit is uniform in compact sets of O. Also, the map t eA p{t,x,x) is 
decreasing. 
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Lemma 2.3. In the same setting as in Lemma 2.2, further assume that 
for all s € M, 


(2.3) 


a{t + s) 

lim -—— 

t^oo a{t) 


= 1 . 


Ifa{t)p{t, X, y) < for large enough t, then any limit point ofa{t)p{t, •, •) 

(in the topology of uniform eonvergenee on compact sets) has the following 
properties: 


(i) is a symmetric, non-negative function; 

(ii) is harmonic in each component; 

(Hi) and vanishes continuously on dO. 


Proof. For the sake of simplicity we denote ht{x, y) = a{t)p{t, x, y). Let 
tfc —oo be a sequence such that htf. converges uniformly on compact sets of 
O to a function h. It is clear that h is symmetric and non-negative. Notice 
that for any s G M, the sequence ht^j^s also converges uniformly on compact 
sets of O. This is direct from Lemma 2.2 and the hypothesis. 

By the Chapman-Kolmogorov equation, for any s G M and large enough 
A; G N, 


htk+s{x,y) 


ajtk + s) 
a{tk) 



z,y)dz. 


By assumption, ht^{x,z) < which is p(s, z, y)dz-integrable as it can 

be checked by comparing p with the free Brownian motion’s kernel. Thus, 
we can apply the Dominated Convergence Theorem to obtain 



h{x, z)p{s, z, y)dz 


¥.y{h{x,Xs)). 


It is standard to show that h{x, Xg) is a martingale, from where its standard 
to deduce that y eA h{x, y) is harmonic by means of the optional sampling 
theorem. 

Consider a sequence yn ^ O, with yn ^ V ^ 90. By using once again 
the Gaussian upper bound on p, and applying the Dominated Convergence 
Theorem to h{x, z)p{l, z, yn), it is deduced that h{x, •) vanishes continuously 
on do. 


□ 
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Lemma 2.4. Let U and O he domains in M"" that are regular for the 
Dirichlet problem. For ^ G dU, x G U 

(2.4) lPx{Brpu G a{df),T^ G ds) = ^dnP^{s,x,f,)a{d^)ds. 

Here, dn represents the inward normal derivative at f G dU. 

Also, if U F O, then 

(2.5) 

P°{t,z,y)=p^{t,z,y)+ [ [ ]-dnP^{s,x,f)p^{t-s,i,y)a{df)ds. 

JQ Jau ^ 

Proof. These results are well known so we only are going to comment 
their proofs. The proof of (2.4) uses Green’s theorem and the heat equa¬ 
tion, and it is very straightforward carry out. Equation (2.5) follows as an 
elementary application of the strong Markov property at time . □ 

The following lemma characterizes all positive, harmonic functions van¬ 
ishing on dLl. In other words, we characterise the Martin boundary of O. 
We use the notation from the Introduction. 

Lemma 2.5. Let ui,... ,un be the minimal harmonic functions given 
by (1.3). For every nonnegative harmonic function u in Ll, vanishing con¬ 
tinuously on dfl, there are unique nonnegative coefficients 71 , • • • , 77 V such 
that 

N 

(2.6) u(x) = 7jUj(x), X G n. 

i=i 

Proof. For x G Llj, consider the harmonic function Wj(x) = u{x) — 
Kx{u{Bj^j)). It is standard to check that wj is harmonic in Llj, and that 
vanishes continuously on dLlj. For m > R, let Tm be the exit time from 
the set Llj H B{aj,m). By Ito’s formula, the process u{B^^rpj ) is a bounded 
martingale under P^,, for x G Llj. Therefore, 

u{x) = E 3 , (^u{Br^^)^ = Ea; -LEa, 

> Ea; {u{Brpj)) — Ea; ' 
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Since Tm , monotone convergence shows that u{x) > {u{Brpj)), that 
is, Wj is nonnegative. Thus, Wj(x) = 'yjWj(x} by uniqueness. For z G fl, set 

N 

Hz) = - u(z), 

i=i 

which is harmonic in O, and vanishes continuously on dO. We will next show 
that u is bounded, for which it is enough to show that it is bounded in each 
branch of fi. 

Fix i € {1,..., N}, and consider x G Qi. We have 


N 

u{x) = -Ea; (uiB^i)) + 7 iEa; {ui{BTi)) + ^ ljUj{x) 


The hrst term on the right hand side is bounded by sup^-gp. |u(x)|, and the 
second one by 7 isup 3 .gr, |tti(x)|. The summation is bounded as each term 
Uj{x) is bounded in flj. We conclude that u is harmonic and bounded in Q, 
and vanishes continuously on dQ. It follows that u {Bt/\T) is a martingale, 
and so 

u{z) = Kz {u {Bt/\T)) —>- 0 , as t ^ 00 . 

Uniqueness follows from the boundedness of Uj in and its unbound¬ 
edness in Qj. □ 


2 . 1 . Asymptotics in a cone with vertex. In what follows we consider a 
cone V, with opening S and vertex a = 0, that is, V = C(0,2),0). Let 
be the heat kernel in V. Let 0 < < • • • be the eigenvalues of 

the Laplace-Beltrami operator on D, with corresponding orthonormal basis 
...} of We also denote by a* = (A* -|- (§ — 1)^)^'^^. 

The behaviour of the heat kernel with Dirichlet boundary conditions is 
well known for a cone with vertex. The following results are taken from [3]. 


Theorem 2.6. For x = r9,y = pu G V, with 6,uj G D and r = \x\, 
p = \y\, the heat kernel with Dirichlet boundary conditions in V is given by: 


P^{t,x,y) 


exp 


r'^+P^ 

2t 


t{rp)- 




(2.7) 
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where Jy is the modified Bessel funetion of first kind of order v, that is, the 
solution of 


Jy{z) + zJy — + r'‘^)Jy — 0 , 

satisfying the growing conditions: 


( 2 . 8 ) 


< < 


for z > 0, and n >0. 


Recall that the unique minimal positive harmonic function in V is given 
by v{x) = u(|x| 6) = |x|“ m^{9). 

Corollary 2.7. For each x,y ^V, we have 


(2.9) 

( 2 . 10 ) 


lim X, y) 

t^OO 

lim 

t-^oo pV W, z) 


v(x)v(y) 
2“'r(l + ai) 

v(x)v(y) 

v(w)v(z) 


Both limits are uniform in compact sets. 


Proof. Clearly, (2.10) follows from (2.9), so we only prove the latter. 
From Theorem 2.6, we get the bound 

(rs)^“^ “ V t / 2“'^r(l + a^) 

^2“^r(l + afc)’ 

where C = supggj) m^(0)^. The uniform convergence on compact sets for 
the first term is easily deduced from (2.8). The series on the right hand side 
converges uniformly in compact sets, so the whole term converges to zero, 
as t ^ oo, since . □ 


fi+‘^"p^{t,x,y)- 


){x)v{y) 


2“'r(l + «!) 


3. Asymptotics in a truncated cone. The main goal of this section 
is to extend Corollary 2.7 to a truncated cone C = C{a,D, R). As before, 
we assume that R = 1 and o = 0. 

We will often use the following version of the Harnack inequality up to 
the boundary. 
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Theorem 3.1 (From [12], see also [8]). Let O be a precompact, regular 
domain for the Dirichlet problem, and let u > 0 be a solution of the heat 
equation on Ox [0,T) with Dirichlet boundary condition. Then, given x G O, 
there is Ci > 0 such that u{t, z) < Ciu{T, x), for all {t, z) G [0, T)xO where 
the constant Ci depends only on x and T — t. 

Corollary 3.2. Let V be a cone with vertex. For any x G F there is a 
constant Cx > 0, only dependent on x, such that for all y the following 
inequality holds for all t > 1: 


p^{t,x,y) < Cl'^^y^p^{t,x,x). 


(3.1) 


Proof. Assume jxj = 1, otherwise the corollary follows by scaling. The 
inequality holds for small \y\, by a direct application of the boundary Har- 
nack inequality (Theorem 3.1), so we assume that \y\ > 2. 

Let r be positive, but small enough so that B (x, r) C V. It follows 
by scaling that B {ux,r) C V for all n > 1. Thus, applying the standard 
parabolic Harnack inequality several times in the ball B(0, r) to the function 
u{s, z) = p^{t + s,vx + z, y) for hxed, but arbitrary i/ > 1, y G F, we get 


p^(t, vx, y) < {t + l + rv, x, y) < (t + 2 + 2rv, ux, y) 


for a positive constant C 2 that only depends on x. 

The heat kernel in F has the following scaling property: 



A > 0. 


From all the inequalities above, it follows that 


P^it, X, y) < C^'^^y^p^it + 1 + r jyj, X jyj, y) 



where the second to last line comes from the boundary Harnack inequality, 
whereas the last one comes form the fact that t i-A p^{t,x,x) is decreasing 
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(see Lemma 2.2). Applying scaling once again, 

(t, X, y) < (L x\y\,x |y|) 

< {t, X, x ), 

as desired. □ 


Lemma 3.3. Let Q = C{a,^,l), & = a + D, and V = C{a,T), 0). There 
is a universal constant Q > 0 such that for any x G Q, and ^ € S, 


(3.2) 


dnP^{t,X,f,) ^ 

iim sup —^77 -^ < 

t^oo p''{t,x,x) 


Q 

v(x) ’ 


where v is the unique minimal harmonic function in V, normalized as in 

( 1 . 1 ). 


Proof. By a translation of coordinates, we can assume a = 0. Set U = 
B{0, 1)'^. By monotonicity of domains, and since bothp^(t, x, •) andp^(t, x, •) 
vanish on 6, we have that 0 < dnP^{t, x, ^) < dnP^{t, x, ^). Recall that there 
are constants A > 0,B > 0 such that dnP^{l,x,f,) < Aexp(— B |xp), so 
0 < dnP^{l,x,(,) < Aexp(—B|x|^) for ^ G ©. These bounds allows us to 
compute the normal derivative from the Chapman-Kolmogorov equation as 


follows 


(3.3) 

dnp'^{t + l,x,^) = / p‘^{t,x,z)dnp‘^{l,z,^)dz 
J c 


< J p^{t,x,z)dnP^il,z,f,)dz 

Thus, 



dnP^jt + l,x,0 
p^{t, x, x) 


< 


L 


P {t,x,z) 
e p^{t,x,x) 


dnP^{l,z,^)dz. 


We intend to apply the Dominated Convergence Theorem to the integral on 
the right hand side. Equation (2.10) shows pointwise convergence as t ^ oo, 
and Corollary 3.2 together with the remarks at the beginning of this proof 
show that the integrand is dominated. Therefore 


lim sup 

t^OO 


dnP^{t + l,X,f) 
p^{t, X, x) 


< - 7 ^ / v{z)dnP^{l,Z,f)dz. 

v(x) Je 


The integral can be estimated using the explicit formula for v(z), and the 
bound for dnP^{l, z,f,) discussed at the beginning of this proof. Finally, we 
use Lemma 2.2 to conclude. 


□ 
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Theorem 3.4. Let V a cone with opening D and vertex a, and let its 
truncated version be Q = C{a,T>,l). Let w be the unique minimal positive 
harmonic function in C. Then, for all x,y G Q, 


(3.4) 


lim t^+^%^{t,x,y) 

t^OO 


w{x)w{y) 

2 «^r(l + «!)’ 


where is the character ofQ. The limit is in the sense of uniform conver¬ 
gence on compact sets. 


Proof. The proof relies on equation (2.5) and the Dominated Conver¬ 
gence Theorem. Let 

hit) = - / dnP^{s,x,i)p^{t-s,i,y)a{di)ds 

h{t) = \[ [ dnP^{s,x,C)p^{t-s,^,y)a{d^)ds. 

^ 4t/2 Je 

Then, equation (2.5) and Theorem 2.6 yield, 

(3.5) 

< lim sup 11+“'/(L y) + Hm sup t^+^' {h {t) + hit)). 

2"i(l-|-a^j t^oo i^.oo 


We start by studying Ii{t). For 0 < s < t/2, Theorem 2.6 shows that 
^ 1 +a^pV^.f. _ g^^^y) converges to . Besides, by using Corollary 3.2 

we get the following bound: 

h+'-^pV(t - s, h y) = 2^+“' (t/2)^+“V^(i - e, y) 

< 2^+"'CiC 2+I^I (t/ 2 )i+“V^(i - s, a:, x) 

< 2^+"'CiC 2+'^' (t/ 2 )^+“'p^(t/ 2 ,x,x). 


The right hand side is uniformly bounded for t > 1, so the Dominated 
Convergence Theorem applies: 


lim P+“'/i(t) 

t—^OO 


1 

2 


f f dnp'^is,X,C> 

JQ J& 


viC}v{y) 

2 “W (1 -hai) 


aidffjds 


viy)^xiv{BTe)) 
2 “W (1 -hai) 


Next, we study the asymptotics of hit)- Since we don’t have sharp asymp¬ 
totics for dnP^ yet, we are not able to use the Dominated Convergence The¬ 
orem. Instead, we will resort to Fatou’s lemma. For t/2 < s < t, Lemma 3.3 
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an Theorem (2.6) imply that 


limsupt^’''"^5„p‘^(s,x,^) < —j- 


Qiv{x) 


t^OO 


2 «'r(l + ai)’ 


where Qi only depends on x. To show domination, we combine equations 
(3.1) and (3.3) to get the bound 

[ p^{s -l,x,z)dnP^{l,z,^)dz 
J c 

<t^^°‘^p^{t/2 — l^X,x) f C 2 ~^^^^dnP^{l, z,^)dz. 

Je 

The right hand side is uniformly bounded in t > 2 by a constant Q 2 that 
only depends on x. It follows that 

limsupt^+°'j2(t) < [ [ P^{s,^,y)a{d^)ds 

t^oo 2"r(l + Q!^)Jo Je 

2 “'r(l + ai) 

Using these two estimates in equation (3.5) we obtain, 

2“'r(l + ai)- 2“'r(l + ai) 


Recall that rc(x) = v{x) — Kx{v{Brpe)) for x G Q. Thus, 


(3.6) 


w{x)v{y) 


2 “'r(l + ai) t^oo 


— < limsupt^+“V‘^(i,a;,y) + 


Qiv{x)G^{T,y) 
2 “^r(l + ai) 


We will deduce the theorem from this last estimate. By Corollary 3.2, it 
is possible to apply Lemma 2.3 to p^{t, x, y). Therefore, any limit point 
of this family has the form pw{x)w{y) for some rj > 0. Different limit points 
will correspond to different values of p. We will show that this is not the 
case: by monotonicity of domains, pw{x)w{y) < ; and since w{z) 

and v{z) have the same asymptotic behavior for radially convergent z ^ 00 , 
we deduce that p < d* = supp, where the supremum is taken 

over all possible limit points. Equation (3.6) then yields 


w{x)v{y) 
2 «'r(l + ai) 


< p* w{x)w{y) + 


Qiv{x)G^{T,y) 

2 “^r(l + ai) 
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Dividing this equation by v{y) and taking y radially to infinity, the second 
term on the right hand side vanishes in the limit as G^{r,y) is bounded 
for y away form D. We obtain that ri* > —i—r—which shows that the 

only possible limit point is the one given by (3.4). Uniform convergence on 
compact sets follows from Lemma 2.1. □ 


4. Asymtotics in multicone domains. We start by fixing xq £ Q, 
and a sequence (tfe) such that 


F{x,y) 


y p{tk,x,y) 

hm — -^ 

fe^oo p[tk,Xo,Xo) 


k 

^ -fijUi{x)uj{y), 
i,j=i 


where the converges is uniform in compact sets of D x D, and Uj are the 
minimal harmonic functions in D. This is obtained by a double application 
of Lemma 2.5. The coefficients 'jij > 0 might depend on the sequence (tfc). 
Notice that F{xo,xo) = 1. 

By passing to subsequences of (t^), we can assume that for all j = 1,..., k 
we have that 


Fj{x,y) 


p>{tk,x,y) 

lim —-- 

k^oo p[tk,Xo,Xo) 


fijWj{x)wj{y) 


is well defined. The convergence is uniform in compact sets of Qj x Dj. The 
coefficient fij > 0 may also depend on the sequence (tk). 

Our goal is to compute explicitly the coefficients jij. In order to do this, 
we will use equation (2.5) with 0 = 0, and U = Oj, and estimate the 
integral involved in (2.5). 

It will be convenient to fix points G &j, and zj G Oj. For x G Oj, 
y G 0, j = 1,..., iV, we define the following object 

(4.1) /J’^(a,6;t) = / f F^{Brpj £ d^,T^ £ du)p{t - u,^,y). 

J a J &j 


Most of the technical work of this section will be devoted to find convenient 
estimates for 

We start with a lemma about the function Fj. Recall that M denotes the 
set of maximal indices. 


Lemma 4.1. We have that pj = p for j £ M, and pj = 0 for j ^ M. 
Also, there is a constant C, independent of the sequence {tk), such that 
p<C. 
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Proof. Recall that aj denotes the character of the branch Oj. For j, I = 
1,... ,N, and points x G Qj, y G we have 

p’{t,x,x) _ (t, X, x) p\t,y,y) 1 

p{t, xo, xo) y, y) p{t, xq, xq) ' 


It follows that 


PjWj{x)‘^ = lim 


p^'( 4 ,x,x) 


k^oo p{tk, Xo, Xo) 


2"'r(l + ai)wj{xY 

2«jT(1 + aj)wi{y)^ 


lim 

t^OO 


1 

toj-ai ’ 


If j ^ M and Z G M, we have a; < aj, and so pj = 0. If both j, I G M, we 
have aj = ai, and so pj = pi = p, only depending on (f^). 


Pick any j G M. By Harnack’s inequality we have 


p>{tk,Zj,Zj] 


<Ch 


.2 P^{tk,Zj,Zj] 


< 


p{tk + 2,xo,xo) p{tk,Zj,Zj) 

by monotonicity of domains. Using Lemma 2.2, we see that the left hand 
side above converges to pwj{zj)‘^, thus, 


M < 


'^H 


< 


'^H 


Wj{zjY 


as desired. 


□ 


Lemma 4.2. There is a constant C > 1 such that, for every M > 2, 
every index 1 < j < N, m G M, and points x G 0,j, y G Tt. we have for 
tk ^ 2Ad 1 


(4.2) 

(4.3) 


/f^(0,M;4) 


<C¥,,{BTiGGj)F{ij,y), 


lim sup ■ 

k Pv'ki ^0? ^o) 

If’'^(tk - M, tk]tk) 

limsup^- 7 - -,- < ClM{j)G{Gj,y)wj{x)wj{zj), 

k p{tk,XQ,XQ) 


(4.4) lim sup lim sup 

L k P[tk,Xo,Xo) 


lf^{L,tk-L-tk) ^ Wj{x) 


< C'lM(j)- 


F{z,y), 


Wm{zY 

where the last equation holds for any z G The constant C depends only 
on the domain U and our choices of Zj. 


Proof. Take k large enough such that tk > 2M + 1. By the boundary 
Harnack inequality, there exists a positive Ci such that for all u G [0, tfc — 1], 
all y G id, and all i = 1,..., iV 

(4.5) p{tk - u, C, y) < Cip{tk -u + l,f,i,y). 
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By Fatou’s lemma and Lemma 2.2 we get 

lim^-^-f < Cl / / G d^,T^ G du)Fi^j,y), 

k p{tk,xo,xo) Jo Jsj 

from which (4.2) follows easily. 

For u G [0,M], Lemma 3.3, Theorem (3.4), equation (3.3) and the Dom¬ 
inated Convergence Theorem yield 


(4.6) 


dnP’jtk - U,X,^) _ dnWj{i) 
k^QO p>{tk,X,Zj) ' 


where the convergent sequence is bounded by a constant that only depends 
on M, X and Zj (see Lemma 3.3). It follows by the Dominated Convergence 
Theorem, and Harnack’s inequality, that 




lim 


k p{tk,Xo,Xo) 


f IdnWjiO 


k p{tk,xo,xo) Jo Je.2 Wj{zj) 

P^{tk,X,Zj) 


p{u,^,y)<y{d^)du 


< C 2 G{&j,y) lim 


k p{tk,Xo,Xo)' 


where C 2 = 2 v\z-) 9nWj{^)a{&j). This inequality and Lemma 

4.1 prove (4.3). 

Recall that there is ro > 0 such that for alH = 1,..., A^, we have i? 2 ro (?i)C 
{|x| = 1} C ©j. For X G Flj, z G Dm, set 


Cjm{x,z) = sup 


JednP^{t,x,Oa{d^) 


t>L lernnBrGU) Oide) ’ 


which is finite since m G M. From Lemma 3.3, Theorem 3.4, and the Dom¬ 
inated Convergence Theorem, we obtain 


lim Cjm(a;,z) 

L—yoo ■’ 


lM(j) 


Wj{x) Isj dnWj{^)a{d^) 

Wmiz) le^nBr^iU) dnWm{^')a{d^') 


< C3lM(j) 


Wj{x) 

Wmiz)' 


for a constant C 3 > 0. 

From the standard Harnack inequality we have p{t—u+l, y) < Cip{t- 
u + 2,^',y) for all G (Cm)- The previous discussion yields the following 
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series of inequalities 

rp^{L,tk - L;tk) < Cl j J ^dnP^{u,x,^)p{tk-u + l,^m,y)cr{d^)du 

<CiC^^{x,z) [ [ ^dnp'^{u,z,^')pitk-u + l,^m,y)(T{d^')du 

Jl JemnBrgiu) ^ 

<CiCiC^^{x,z) [ f l-dnp'^{u,z,C)p{tk-u + 2,^',y)a{dC)du 

JL JSmnSroUm) ^ 

<CiC4C^^{x,z) J J ^dnp'^{u,z,C)p{tk-u + 2,^',y)a{d^')du 

< CiCiCf^ix, z)p{tk + 2, z,y). 

Equation (4.4) now follows from Lemma 2.2. □ 

Lemma 4.3. For the coefficients of the function F defined at the begin¬ 
ning of this section: 

('^) Jij = 0 if i ^ ^ or j ^ M. 

(a) There is a universal constant C depending only on the domain Q such 
that 'jij < C^jm for i,j, m G M, with i ^ j. 


Proof. Let x £ Qi and y G 0,j. By (2.5), 

P{t, X, y) = p\t, X, y)6ij + If’^(0, t; t). 


From Lemmas 4.2 and 4.1 we obtain for m G M, z G flrn; 

F{z,y) 


F{x,y) < SijyiWi{x)wi{y) + C ( F{^i,y) + G{&i, y)lMii)wi{x)wi{zi) + 1m( i) ^"^^\ F{z,y) 


Wm{z) 


< CljA{i)Wi[x) SijWj{y) + G{6i,y)wi{zi) + 


^{z) 


+ CFi^i,y). 


The use of this inequality is twofold. First, if i ^ M, by taking x radially 
to infinity in Oj we find that ^ijUi{x)uj{y) < CF{^i,y) is only possible if 
7 ij = 0. By symmetry of the kernel we conclude (i). 

Secondly, consider i,j,m G M, with i j and z G Ftm- Dividing the 
inequality by Wi{x)wj{y), and taking x,y,z^oo radially in their respective 
branches, we obtain that 'jij < C'fmj, as desired. □ 

Remark 4.1. Set 7 * = maxjgjyi; 'ja and fix m £ M, such that 7 * = 7 mm- 
The previous lemma states that 'jij < Cj* for all i,j £ M. Also, notice that 

(^)'Wm(y) ^ ^(.X,y') ^ (1 + C'j^rnm ^ ^ 
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Since F{xo,xo) = 1, we obtain that 7 * is bounded below by a constant that 
is independent of the sequence (t^). 

It follows that 

p{tk,x,y) _ F{x,y) ^ \ 

Tpitk,Z,F) Fiz,z')-^^ \^^Umiz)Umiz') 

where the constant C comes from Lemma 4.2. In particular, if x G Llm, the 
inequality 


(4.7) ‘ + 

t^OQ p[t,X,X) 




’^j i^m ) I 1 


1 


sup V Ui{z) 
[xj zeQm tF 


holds. If wefixx^ ^m, and let r > 0 be suficiently large, for x = Om + rx 
this inequality implies that 


(4.8) 


p{t,x,xo) 
lim sup — - -— 

t^oo P{t,X,X) 


< 


C 5 

Um{x) ’ 


where C 5 > 0 is independent ofr. 


Lemma 4.4. The following inequalities hold 

0 < liminf X, y), limsupt^^“p(t, x, y) < 00 . 


Proof. The first inequality is direct from monotonicity of domains and 
Theorem 3.4 applied to Llm C LI. 

For the second one, notice that by Harnack’s inequaliy, it suffices to prove 
the theorem for x = y G Llm- We start by setting some constants that will 
be relevant to our estimates: fix x G Dm, and consider x = Om + rx. Then, 
the Harnack constant 

^ p{s,i,rx) 

^ rx) ’ 


is independent of r > 1 . 

Fix 0 < 0 < 1. In view of (4.8), we can find x G Llm such that 

C„2‘+“limspph^lh!l^ < f 

t^oo p{t,X,x) Um[x} 2 
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We fix such an x = am + rx from now on. It follows that for large enough 
to, the inequality 


(4.9) 


p{t,^m,x) ^ 9 

p{t,x,x) ~ 2 ^+“C'h’ 


V t > to 


holds. 


Next we get estimates using technics somewhat similar to the ones we 
have used in Lemma 4.2. Let t > 2to. By Harnack’s inequality, and since 
t eA p{t, X, x) is decreasing 

/■i/2 

/^’*(0,t/2;t) < Ch / F^{BTrn. e &m,T'^ & du)p(t - u + l,^m,x)du 

Jo 

^ G &m,T^ < t/2)p{t/2,x,x) 

d , , 

< i^v{^l‘J-,x,x). 

It follows that for all t > 2to, 

ti+“/^’"(0, t/2; t) < 0 P (t/2, T, x) . 

On the other hand, 

/•i/2 f fl+a 

t^+»I^^{t/2,t]t) < I / -—dnP^{t-u,x,i)p{u,i,x)(T{dC)du. 

Jo j&m ^ 

The right hand side converges by (4.6), Theorem 3.4, and the Dominated 
Convergence Theorem, to 

C2 = .,i+arn l_ \ [ [ dnWm{Op{u,Lx)a{dC)du <00. 

2 '-+°‘T{l + a) Jq Je^ 


Putting together these two estimates, we have that, for the continuous 
function ip{t) = t^~^°^p{t,x,x), t > 2 to, it holds that 


^{t) <C3 + 0ip{tl2), t > 2to, 

where C 3 = (72 + 2 ^r{i+a) • iteration of the inequality above, it is easy to 
deduce that, if t/2^ G [2to,4to] then 
A-l 

</>(/) < (73 ^ 0 ^ + 9^ip{t/2^) < —^ + sup (/^(s), 

Q sG[2tQ,4:to] 

which finishes the proof. □ 
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4.1. Proof of Theorem 1.1. The proof is reminiscent of the one we gave 
for Theorem 3.4. For fixed x,y & Q, Lemma 4.4 ensures that 
is bounded. Harnack’s inequality then ensures that the same holds for x, y 
in any compact set of fl. This shows that Lemmas 2.1 and 2.3 apply. Let 
(tk) be a sequence such that •, •) converges uniformly on compact 

sets. The limit then has the form H{x,y) = r]ijUi{x)uj{y), where rjij 

might depend on the sequence (tk). 


Let x G fim, and y G Q. Set 


h{t) = l-[ [ dnp'^{s,x,C)p{t - s,^,y)a{dC)ds, 

^Jo J&m 

h{t) = ^[ [ dnp'^{s,x,f,)p{t-s,^,y)a{df,)ds. 

^ Jt/2 Jem 

An application of the Dominated Convergence Theorem, as in the proof of 
Lemma 4.4, yields that 

lim / [ dnp""{s,x,(,)H{C,y)a{dC)ds 

J Jo Jem 


= Eo; (H {BTm,y)) . 


On the other hand, by using equations (1.3) and (1.4) 


lim tfc+"/ 2 ( 4 ) 

/C—)-CxD 


Im(w-)^ / / Wm{x)dnWm{Op{'t 

J Jo J 6m 


lM{m) 


Wm{x) {u m jy) -w m M 

2“r(l + a) 


s,^,y)<x{d^)ds 


Using these two estimates, and (2.5), we arrive to 

H{x,y) = Ea; (H {BTm,y)) + x G 0^,2/ G D. 

2 “i (1 + a) 

Recall that E^, (H {Bx^^y)) is bounded as function of x. By taking the limit 
of H{x,y)/um{x), with x going radially to infinity, we find that 


N 


E 


r]mjUj{y) = lu{m) 


Umjy) 

2“r(l + a) 


By uniqueness of the decomposition (2.6), we find that the only nonzero 
coefficients are 'ymm = 2 °r(i+a) m G M. This shows (1.6). Uniform 
convergence on compact sets is direct from Lemma 2.1. □ 


The following corollary is a direct consecuence of the previous theorem. 
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Corollary 4.5. Let LI be a mutlticone domain, with maximal index set 
M. Then, 

(4.10) Um 

t^oop{t,w,z) 

The convergence is uniform in compact sets. 

5. Asymptotics for the exit time. The following result is taken form 

[3]. 

Theorem 5.1. Let V C M"' be a cone with vertex 0 and opening D. 
Assume that D is regular por the Laplace-Beltrami operator on and 

let a be the character ofD. Set k = l + a —n/2, and let T^ be the Brownian 
exit time from V. Then, for each x G V, 

(5.1) lim > i) = lvv{x). 

t—^OO 

Here v{x) = |x|^m^(x/ |x|) is the harmonic function defined in (1.1), where 
is the only non-negative eigenfunction of the Laplace-Beltrami operator 
on D with Dirichlet boundary conditions. Also, 

Remark 5.1. From this theorem, the scaling property of the heat kernel 
in V, and Harnack’s inequality up to the boundary, we get the following 
hound: 

X) = (r*' > yU) < CHcr-Vf (r'' > yL) 

where f, G D is fixed. Using (5.1), we can pick t^ such that whenever t/ \x\^ > 
t^, the right hand side of the last display is bounded by C \ x\'^, where C 
depends on our choice of f,. For t/|x|^ < t^, we have that \x\'^. 

We deduce that there is a universal constant C > 0 such that 

(5.2) W2p^(r^ > t) < c Ixl'^ , xGV, t>0. 


By monotoncity of domains, the same inequality holds for T^, and x G Q 
where C is any truncated cone with opening D. 
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The following lemma will be the key tool when extending the previous 
result to multicones. 

Lemma 5.2. Let T be the exit time from a multicone set Q, let be the 
exit time from Llj, and pick x G n* for some i = 1,... ,N. We have 

> t) = Pa;(T* > t) + ¥x{Bt G rio )T > t)+ 

1 ^ f 

(5.3) + 0 ^^/ / dnf’ziT^ > t - s)p{s,x,z)a{dz)ds. 

Jej 


Proof. For j = 1,... ,k, and 0 < s < t define the functions 


fj{s)= [ > t - s)p{s,x,z)dz. 

jQj 


For s < t, since u{s, z) = Fz{T^ > s), and u(s, z) = p(s, x, z) are solutions of 
the heat equation with dirichlet boundary condition in flj and kl respectively, 
we have by Green’s formula 


dfjjs) 

ds 


1 

2 

1 

2 

1 

2 



-p{s,x,z)AzFz{T^ > t 
p{s,x,z)dnFz{T^ >t- 
p{s,x,z)dnFz{T^ >t- 


-s)+Fz{T^ >t 
s) - Fz{T^ > t - 
s)a{dz), 


— s)Azp{s, X, z)dz 
s)dnp{s-, X, z)a{dz) 


where, as usual, dn represents the (inward) normal derivative. Then, for 
every e > 0, 

(5.4) fj{t -e) - fj{0) = ^ [ [ p{s,x,z)dnFz{T^ > t - s)a{dz). 

^ Jo JSj 


In order to extend this equation to e = 0, we need an estimate for dnFz{T^ > 
u) for u near zero. The process B leaves Llj before the norm of B hits level 
1. Since pt = \Bt\ is a Bessel process, if we let r be the hitting time of 1 for 
an n—dimensional Bessel process, then, for t < t, 

.. ^ n — ^ n — 1 

Pt = kl + A + Ps ds < l^l + A + 

for some one dimensional Brownian motion fit- Let be the hitting time 
of zero for the Brownian motion with drift Pt + pt, with p = It follows 
that 

P^(T-^ > u) < P| 2 |(t > ^^) < Fr{T^ > 11 ), r = \z\ — 1. 
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As Fz{T^ > u) vanishes on &j, we get > u) < drFr{T^ > M)|r=o- 

The distribution of is well known (see equation (5.12), pp 197 [ 6 ]): 

P^(r'^ € dt) = -yL= exp dt, t > 0 . 

\/27rt3 [ 2 t 

A direct computation shows that 


P^(r^ >u) = 
drFr{T^ > u)|r=0 = 
< 


y/27rt^ 
' 1 

1 ^-3/2 


exp 


exp 


(r + d-t) 


23 


2 t 


L 

/ —J=dt + / 
J u V J 1 


oo ^ 


U 


-1 + 




dt 


exp 


dt, 


fj?0 




dt 

u < I, 


which is integrable (in u) near zero. Therefore, we can apply the Dominated 
Convergence Theorem in (5.4) and use the continuity of fj to deduce that 
this equation also holds for e = 0. Adding all the equations for j = 1,..., A^, 
using that fj{ 0 ) = (T)Pa;(T'^ > t) and fj{t) = Pa;(7?t € Dj,T > t), and 

adding the contribution from Oq, we obtain (5.3). □ 


5.1. Proof of Theorem 1.2 for truncated cones. Theorem 5.1 is also valid 
if we change the cone V = C(a, 2), 0) for its truncated version C = (7(0,2), 1), 
but the limit turns out to be 'yYw(x), where w(-) is the unique positive 
harmonic function in C that vanishes on dC, normalized at infinity, such 
that lim^^oo r~^w{a + rO) = 1 for any 6 G D. Recall that © = o + 2) is the 
base of C. 

Indeed, notice that {t,x) i-A Pa:(T*^ > t) solves the heat equation in S. 
By Harnack’s inequality, the family of functions h{t,x) = t'^/'^FxiT^ > t), 
indexed by t > 0, is bounded on compact sets of S. Since Pa:(T*^ > t) < 
P 3 ;(T'^ > i)) Lemma 2.3 applies and we conclude that any limit point has 
the form iiw{x). Of course, the constant ^ may depend on the sequence (t^) 
that makes h{tk, •) converge. Nevertheless, we have — Iv monotonicity 
of domains, where Ty is the same constant as in Theorem 5.1. 

On the other hand, from Lemma 5.2, we have that for all x G C 
P,(r'" >t) = Fx{T^ >t) + Fx{\Bt\ <1,T^ > t)+ 

+ 7 : [ [ dnF:^{T'^ > t - s)p^{s,x,z)a{dz)ds. 

2 Jo J& 
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Also, by Harnack’s inequality > t) < + 

l,x,xo), which converges to zero, as t —>■ oo by Theorem 1.1. Thus, 


(5.5) 

7 yu(x) < fiw{x) + lim 


rt 


t—^oo 2 



dn^ziT'^ > t — s)p^{s, X, z)a{dz)ds. 


0 JBi 


We will next show how to control the integral on the right hand side of (5.5). 


By applying Fubini’s theorem to the Chapman-Kolmogorov equation for 
the heat kernel, we get for t,s > 0, 

P 3 ;(T^ > t + s) = / p^{s, X, z)Fz(T^ > t)dz. 

Je 

Using the heat kernel of the exterior of a ball we get the upper bound 
dxP^{s, X, z) < for s > 1 and all x G C. We can apply the Dominated 

Convergence Theorem to get for x G © 

(5.6) dnFxiT^ > t + s) = [ dnP^is, X, 2;)P^(r^ > t)dz. 

Je 

Moreover, using (5.2), it is easy to obtain the following limit by using again 
the Dominated Convergence Theorem 

limt^^^5„P3;(r^ >tk) = p [ dnP^is,x,z)w{z)dz = p,dnw{x). 

^ Je 

The last equality holds because w is harmonic. 


As usual, we split the integral from (5.5) into: 

ftl2 


'^i(^) = / [ dnFz{T^ > t — s)p^{s,x,z)a{dz)ds 

Jo Je 

<Ch dnFziT^^ > t/2)a{dz) / p^{s + l,x,^)ds. 

Je Jo 

This shows that lim^^oo Z“'^^U(Z) < CiG^ (x,^), where Ci > 0 is universal. 


Also, by the boundary Harnack inequality 
rt 


h{t) = [ [ dnFziT'^ > t - s)p^{s,x,z)a{dz)ds 

Jt/2 Je 

<Ch [ [ dnFz:{T^ > t — s)a{dz)ds p^{t/2,x,x) 

Jt/2 Je 

pt/2 p 

< / / dnF,{T^ > s)a{dz)ds 

Jo Je 
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where Cx only depends on x. Using bounds for the exit time for a Bessel 
process from [l,oo) as in Lemma 5.2, we get that > s)ds < Q, 

independently of 2 ; G S. Then 

W 2 / 2 (t) < |e| + Q - ^ dnF,{T^ > l)a{dz) 

It follows that —>■ 0 as t —>■ 00 . Equation (5.5) now reads 

7 yu(x) < fiw{x) + CiG^x), X € G. 

Since G^{^,x) remains bounded as x ^ 00 radially in C, we deduce that 
7 y = //, which proves the asymptotic for the survival probability. □ 



5.2. Proof of Theorem 1.2. In formula (5.3), the first term is controlled 
by our result from the previous section. The second term goes to zero by 
using Harnack’s inequality up to the boundary, that is, for some xq G Hq, 

FxiBt G no,T > t) = [ p{t, X, z)dz < Gh |IIoI p{t + 1, x, xq), 

J 

where |no| stands for the Lebesgue measure of the core Hq. It follows that 
G ilo,T > t) converges to zero as t —>■ 00 for each x G II. 


Next, we deal with the summation terms. In order to do this, we will find 
limits for the following two objects: 

|•t/2 p 

/ / drJFziT^ > t — s)p{.s,x, z)a{dz)ds, 

Jo Jsj 

^t/2 p 

G/‘^l2[t) = / / dnFz{T^ > s)p{t — .s, X, z)a{dz)ds. 

Jo J&j 

An analogous proof as the one in the last part of the previous section, shows 
that G^‘^l 2 {t) converges to zero. 

As for if 0 < s < t/2, our computations in the previous section 

show that G^'^dnFziT^ > t — s) converges to 'yjdnWj{z) for 2 ; G &j and 
j G M, otherwise, it converges to zero. Here, 

r(^) 


7i = 


2«/2r (k + §) 


[ m]{9)a{d9). 
J&i 


To show domination, we use monotonicity of t 1 —>■ dnFx{T^ > t), equation 
(5.6), the bound dnP^{l,x,z) < , and equation (5.2). We hnd that 

G/‘^dnFx{T^ >t-s)<G 3 [ l^r dz < 00 . 

Je 
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Thus, by the Dominated Convergence Theorem, we deduce that 


poo p 

lim = 7 j / / dnWj{z)p{s,x, z)a{dz)ds 

Jo JSj 

= 7 j / dnWj{z)G{x, z)a{dz) = 2-fj {uj{x) - Wj{x )), 

J6, 


by Fubini’s theorem, and equation (1.3). 

Putting all together, for a: G D, 

lim >t) ='y] 7 fcUfc(x), 

fceM 


which is (1.7). 


□ 


6. Renormalized Yaglom limit for multicones. In what follows, 
we set /3 = 1 + a + n/2. Notice that /3/2 + k/2 = 1 + 0 , which will be 
conveniently used later. 

From Theorem 2.6, it is straightforward to get that for x,y G V = 

C(0,D,0) 


( 6 . 1 ) 


lim t^^‘^p^(t,x,Vty) 

t—>-oo 


<xHy) -\v\G 2 
2“F(1 + a) 


The limit above holds uniformly in compact sets of V. 

In order to extend this result to multicones, we start with the case of a 
truncated cone C = (7(0,®, 1). 


Lemma 6.1. Let € C. Then, 

(6.2) lim t^/V(L X, Vty) = 

t^oo 2^1 [1 + a) 


Proof. As in the proof of Lemma 3.3, we have that t^~^°‘dnP^{t,x,^) < 
Qx for all t > to) ^ G 6. Thus, using the boundary Harnack inequality, there 
exist Cx > 0 only dependent on x, such that 

(6.3) 

*/3/2 ft/2 f 

— / / dnP^{t- s,x,^)p^{s,C,Viy)dCds <CxG^{x,Vty)t^^‘^~^^^‘^\ 

^ Jo Je 
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For large t, the quantity G^{x,\/ty) is bounded, and as (3/2 — (1 + a) = 
—k/2 < 0, we deduce that 

^/3/2 ^t/2 I- 

(6.4) lim / / dnP^{t - s,x,^)p^{s,x,Viy)d^ds = 0 . 

t^oo 2 Jq Jq 

On the other hand, from Theorem 2.6, it is direct to find the bound 


(6.5) 


t^^^p'^{t,x,Vty) < 


(kiMr 


^ 2“T(1 + a*) 


< oo. 


for t > 2 and some universal constant C > 0. It follows by (6.1) and the 
Dominated Convergence Theorem that 

^/3/2 |■t/2 p 

lim / / dnP^{s,x,^)p^{t- s,^,Vty)d^ds = 

t^OO 2 Jq Jq 


v{y)e 1*^1 
2“r(i + a) Jq 


[ [ ^dnP^{s,x,^)v{^)dCds 

Jo Je ^ 


( 6 . 6 ) 


2 “r(l + a) 


Plugging the last two equations into (2.5), with O = V and U = Q, we 
obtain 

lim iWV(t, X, Viy) = lim AV (*. I. Viy) - 

t^oo t^oo 2“i (1 + a.) 

from where (6.2) is direct to deduce by using (1.2). □ 

Lemma 6.2. ITe have for each y 
(6.7) 


sup sup t^/‘^dnP^{t, Viy, 0 < oo 

t>2 ^£6 


Also, for y & Q and G G 

( 6 . 8 ) 




t—^oo 


The limit holds in the sense of uniform convergence in compact sets. 
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Proof. Recall that, from the bound for the heat kernel of the exterior 
of a ball, and monotonicity of domains 

(6.9) + f dnP^{l,z,C)p^{t,Viy,z)dz 

J c 

( 6 . 10 ) < J Viy, z)dz 

(6.11) <AC [ V 

^ ^ “ ie 2«T(l + a*) 

where the last inequality follows from (6.5). From here, using bounds for the 
moment of gaussian random variables, we arrive at the bound: 

( 6 . 12 ) 

which is finite. 

The same steps as above show that it is possible to apply the Dominated 
Convergence Theorem in (6.9). Equation (6.8) then follows from Lemma 
6 . 1 . □ 


6.1. Proof of Theorem 1.3. 

Proof. As before, our starting point is equation (2.5). We will study the 
rate of decay of the integral involved in such equation by splitting in two 
terms, as before. First, let us study 

rt/2 I- 

(6.13) t^/^/i(t) = / / -dnp’it - s,aj + Viy,f,)p{s,x,f,)df,ds. 

Jo JSj ^ 

Using Lemma (6.2), we see that we can apply the Dominated Convergence 
Theorem to this integral to obtain 

lim = imO) r f 

t^oo Jq Jq 2 2“r(l + a) 


= lM(j) j^ -dnWj{f,)G{x,i)dids 


(6.14) 
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Second, we look at 
(6.15) 


^t/2 /• 1 

/ -dnp’{s,aj+ Viy,^)p{t - s,x,C)d^d6 
Jo JSi ^ 


= 


/•^/^ f I 

/ / 7I<9nF' (s,Oi + 

'0 ./6,' ^ 


From Theorem 1.1, we have that — s,x,^) < for all s G [0, t/2] 

as long as t > 3. The constant Cx depends only on |x|. Then 

l't/2 p 1 

<Cxt~'^^^ / -dnp’{s,aj + Vty,^)d^ds 

Jo JSj ^ 

= G 6,-,r^' < t/2) < 

which converges to zero. 

Putting together equation (2.5), Lemma 6.1, and the last estimates, we 
obtain 

(6.16) lim tl^^‘^p{t,x,aj + Viy) = lM(j) 


t^oo 


2“r(l + a) 


as desired. 


□ 


6.2. Distributional convergence of the renormalized process. Theorem 1.3 
suggests that, when conditioned on survival, most of the trajectories of Brow¬ 
nian motion at time t stay within order ^/i from the origin. Thus, it is nat¬ 
ural to study the convergence of the rescaled process Bt / y/t conditioned on 
survival. 

Let ^ C 1^' be a precompact, Borel set. Notice that fJ — k = n. Then, by 
a simple change of variable 


{[Bt - aj)/Vi G A\T > t^ 


p{t, X, Qj + z) 


dz 


l^/iA ^x(T > t) 

[ p{t,x,aj + yfty) ^nl2^ 

I A Px(r > t) 

r tl^/'^p{t, X, Oj + Viy) 

I A t-/^FxiT > t) 


y 


dy, 
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By Theorems 1.2 and 1.3, the integrand on the right hand side converges to 
the function 


(6.17) 


Px{j, y) 


Vj{y)e -fjUjjx) 

7 j 2 “r(l + a) ^keMlkUkix) 


Equation (6.17) defines a probability distribution function on M x 
for a family of random variables = (XfjXf), with x G 12, which is 
simple to interpret. Fix x G 12 and let Xf be a discrete random variable 
with distribution given by 


(6.18) 


p(xf = j)= 

22keM^kUk{x) 


j G M. 


This is a sample of one of the maximal branches of the multicone. As t ^ oo 
the multicone Qj is rescaled into the cone with vertex Vj. Correspondingly, 
we dehne as a continuous random variable on satisfying 

(6.19) P(Xf G dy\Xf = j) = Iv^iy). 

7j2"i (1 + a) ^ 


Our computation at the beginning of the section, and the uniform con¬ 
vergence on compact sets shows that, under P^,, the renormalized process 
Bt/y/t conditioned on survival converges weakly to X^. 
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